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Abstract. The purpose of this paper is to prove Villani conjecture on the 
smoothing effect of the homogeneous Boltzmann equation without angular 
cutoff, that is, to show that any weak solution to the Cauchy problem with 
measure initial datum except a single Dirac mass acquires C°° regularity in the 
velocity variable in any positive time. We consider the Maxwellian molecule 
type cross section. The key point is to obtain a time degenerate coercivity 
estimate. 



1. Introduction 
We consider the spatially homogeneous Boltzmann equation 
(1-1) dtf{t,v)^Q{f,f){t,v), 

where /(t, v) is the density distribution of particles with velocity v € at time t. 
The right hand side of is given by the Boltzmann bilinear collision operator 

QiaJKv)^ f I B{v~v,,a){giv:)f{v')-g{v,)fiv)}dadv,, 

where for <t e §^ 

, v + v* |w — u, I , v + v^, \v — 

V = 1 cr, W, — cr, 

2 2 2 2 

which follow from the conservation of momentum and energy, 

The equation p.ip is supplemented with a non-negative initial datum 
(1.2) f{Q,v) = h{v), 

which is the density of probability distribution (more generally a probability mea- 
sure). 

The non-negative cross section B{z,a) depends only on |z| and the scalar product 
jly ■ a. For physical models, it usually takes the form 

B(\v -vJ,cos9) =^(\v -vJWcose), cos0=-^—^-a, < 6* < -, 

\v — 2 
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where 



(1.3) <^{\z\) ^ ^^{\z\) = \z\'^' , for some 7 > -3, 

(1.4) 6(cos 6')6'2+2'^ K when 6*^0+, for < s < 1 and /-iT > 0. 

In fact, if the inter-particle potential satisfies the inverse power law U{p) = p^'-'^^^\ 
q > 2, where p denotes the distance between two interacting particles, then s and 
7 are given by 



For this physical model, we have 7 = 0ifs = l/4, which is called the Maxwellian 
molecule. Inspired by this case, we consider the Maxwellian molecule type cross 
section when 



The angle 6 is the deviation angle, i.e., the angle between pre- and post- coUi- 
sional velocities. The range of 6 is in an interval [0, tt], but as in [20] it is customary 
to restrict it to [0,7r/2], by replacing b{cos9) by its "symmetrized" version 



which is possible due to the invariance of the product f{v')f{v'^) in the collision 
operator Q{f,f) under the change of variables <t — > — cr. It should be noted that 
&(cos 9) has the integrable singularity, that is. 



The case where < s < 1/2, that is, 9b{cos9)sm0d9 < oo is called the mild 
singularity, and another case l/2<s<lis called the strong singularity. This kind 
of singularity leads to the gain of regularity in the solution. 

The study on the homogeneous Boltzmann equation has a very long history, cf. 
[71 [5] and the references in recent work [12]. In particular, the smoothing effect of 
(weak) solutions to the Cauchy problem for the non cutoff homogeneous Boltzmann 
equation has been studied by many authors in [9l|2l|3l|T4l [10111118] , including Gcvrey 
smoothing effect in [15j . However, the problem for measure initial data has been 
studied only in [T3], when it consists of a sum of four Dirac masses. 

On the other hand, Villani conjecture [21] is to show that the smoothing effect for 
weak measurable solutions holds for any measure initial data except a single Dirac 
mass. The purpose of this paper is to justify this conjecture, which is optimal in the 
sense that a single Dirac mass is a stationary solution of the Boltzmann equation. 

Let us now introduce some notations for function spaces and recall some related 
works on the existence and uniqueness. For every < a < oo, wc denote by Pq(M'^) 
the class of all probability measure F on R'^, d > 1, such that 



Concerning the Cauchy problem for the homogeneous Boltzmann equation of the 
Maxwellian molecule type cross section, Tanaka [17] in 1978 proved the existence 
and the uniqueness of the solution in the space P2{^'^) by using probability theory. 
The proof of this result was simplified and generalized in [16l [18] . 



s = l/(q - 1) < 1 , 7 = 1 - 4s = 1 - A/{q - 1) > -3 . 



7 = 0, < s < 1 . 



[^(COS^) + 6(cOs(7r - 6'))]lo<0<,r/2, 
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The existence of solution with bounded energy was extended in [6l to the ini- 
tial datum as a probability measure with infinite energy. Precisely, following [6], 
introduce 

Definition 1.1. A function ?/' : M'^ — > C is called a characteristic function if 
there is a probability measure 4" ( i.e., a positive Borel measure with J^^ d^(v) = 
1) such that the identity tl^iO — Jms s~'^^'^d'if{v) holds. We denote the set of all 
characteristic functions by K,. 

Inspired by [18], a subspace /C" for a > was defined in [6] as follows: 

(1.5) /C" = {(/?e/C; ||¥'-1|U<K)}, 
where 

(1.6) ||^-l||.= supM|^. 

The space /C" endowed with the distance 

(1.7) ll^-^IU=supM)_m 

is a complete metric space (see Proposition 3.10 of [6]). It follows that /C" = {1} 
for all a > 2 and the embeddings (Lemma 3.12 of |6]) hold, that is, 

{1} C /C" C /C^ C A:° = /C for all 2 > a > /3 > . 

The definition of the space /C" is natural because we have the following lemma 
(Lemma 3.15 of [^). 

Lemma 1.2. Let ^ be a probability measure on M? such that 

3a G (0,2]; / \v\°'d^{v) < oo , 

(1.8) J . 

and moreover, / Vjd'i>{v) = 0,j = 1,2,3, when a > 1. 



Then the Fourier transform of , that is, ip{^) ~ J g *"'^d^'(u) belongs to K," . 

The inverse of the lemma does not hold, in fact, the space /C" is bigger than 
the set of the Fourier transform of (Remark 3.16 of 0). So we introduce Pa ~ 
T~^{}C°') endowed also with the distance (|1.7p . The existence and the uniqueness of 
the solution in the space Pa was proved in [B] for the mild singularity, and has been 
recently improved in [T3] for the strong singularity. Namely, if the cross section 
b{cos9) satisfies (|1.3|) with < s < 1 and if 2s < a < 2, then there exists a unique 
solution to the Cauchy problem p.ip - (|1.2|) in the space C([0, oo). Pa) for any initial 
datum in Pa (see Theorem 13. II in the Appendix). 

We are now ready to state the main results of this paper. 

Theorem 1.3. Let b{cos6) satisfy (pTS]) with < s < 1 and let a G (2s, 2]. 
Lf Fo G Pa(K'^) is not a single Dirac mass and f{t,v) is a unique solution in 
C([0, oo), Pq.) to the Cauchy problem (jl.ip - (jl.2p . then there exists aT > such 
that f{t, •) G H°°{M.^) for anyO<t<T. Moreover, if Fq G P2(IR^) then T = oo. 
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Lemma 1.4. Let Fq G Pq(M'^) and f{t, v) G C{[0, oo), Pa) be the same as in Theo- 
rem \1.S\ . If'ip{t,^) and ■00 (0 are Fourier transforms of f{t,v) and Fq, respectively, 
then there exist T > and C > 0, such that for t G [0, T] we have 

(1.9) t[ {o''\hm'd^<c( [ ([ b(^-a)ii~m,n\)dcT)m)\'d^ 

+ / \m\'dd, for VhELl 

where T = " iek)/2. 

With Lemma rOl the proof of Theorem II .31 can be given as fohows. 

Proof of Theorem ] l.S[ It follows from the Bobylev formula that the Cauchy prob- 
lem ([TTT|) - pr^ is reduced to 

i^{0,O=MO: where e±-|±i|a. 
By Theorem 13. 11 ip{t,^) G C([0, oo), /C"). Define a time dependent weight function 

Ms{t,0 = {0'''^~'{S0~''''\ (0' = i + iei', 

where A^o = iVr2/2 + 2, G N and (5 > 0. We muhiply the first equation of ([LTU)) 
by Ms{t,£^yip{t,^) and integrate with respect to ^ over R^. Denote '0^ = "0(^15^) 
and M"*" = Af<5(i,^+) to simplify the notation and note that 

-2Re -V)A^^V'} = (^lAfi/'P + |A^"^V'"^P - 2Re|?/'"(M+V^)MV'}) 

+ (|MV'|^ - |A/+V+|^) +2Re|^/;-((A/- A/+)V'+)M^} 
= Ji + J2 + Ja . 

Using the Cauchy-Schwarz inequality for the third term of Ji, we have 

^1 > (1 - \i(j~\){\Mij\^ + |A/+?A+p^ > (1 - IV'^DIA^V'P ■ 
Therefore, by means of (|1.9p we get 

(1.11) / b(-^-a)jidad^+ [ \Mip\^d^>t[ {£,f'\Mil^\'^d£„ 

where A > i? means that there exists a constant Cq > such that A> C^B. If we 
use the change of variable C ~^ C"*^ for tti^ term M^ip^ in J2, by the cancellation 
lemma (Lemma 1 of [Tj), we have 

/ b(-^-<j)j2dad^ 

= 2ti [ \Mi;\^( [ ' b{cose)sine(l ^^ttttt Vfi*) 

Jr3 V cos3(0/2)/ / 

JR3 
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where A < B means that there exists a constant Co > such that A < CqB. Since 
W - M+\ < sm^{9/2)M+ (see (3.4) of [ig), by the Cauchy-Schwarz inequahty 
we also have the same upper bound estimate for J3 by using again the change of 
variable ^ — > for the term including M'^ip'^ . Since 



d 
di 



2Re(fM^V^)=»^-4iVtlog(C)|M^r, 
and |Sp/log(^} — 00 as 1^ — 00, we have 

which gives for t G (0, T] 

Letting (5 ^> 0, we obtain the first part of Theorem 11.31 because we can take an 
arbitrarily large N . 

We now turn to the second part of the theorem when e P2(K'^)- Since the 
conservation of energy holds, we have / j{T^v)dv = J \v\'^dFo(v). In view of 
/(T, v) G L°°(R3) we obtain 



||/(T)||LiogL J f{T,v)log{l + f{T,v))dv<^, 
so that /(T) G L2 n Llogi. It follows from Theorem 1 in [19] that 

(1-12) SUp(||/(i)Li + ||/(t)|UiogL) 

t>T ^ - ' 

which shows that there exists a k > independent oi t >T such that 

l-K'(i,C)| >^min(l,|en, 

by means of Lemma 3 in [I]. Therefore, for \^\ > R for some R> Q suitably large, 
we have 

■ - \^{t,C)\)da >2^K / &(cos0)|rPsin 



/•i«r' 

> l^|2 / e^-'^'de > lep", 

Jo 



which gives the standard coercivity estimate instead of (jl.9p . Hence this leads us 
to f{t, v) G 7J°°(M3) for > T by the same argument used in [g. □ 



The rest of the paper will be organized as follows. In the next section, we will 
prove Lemma [1.4l about the degenerate coercivity estimate which is the key estimate 
to show the smoothing effect. And in the Appendix, we will recall the existence and 
uniqueness result obtained in [BJ I13j and show the continuity of the time derivative 
of the solution which is needed in Section 2. 
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2. Degenerate coercivity estimate 



To obtain the coercivity estimate for measure value function which is not con- 
centrated at a single point, we will consider two cases, that is, the case when the 
measure is concentrated on a straight line and otherwise. Unlike the standard co- 
ercivity estimate obtained in the previous works, the key observation is that the 
coercivity estimate is degenerate in the time variable as shown in Lemma 1 1.41 That 
is, one can not expect to have a gain of regularity of order 2s uniformly up to 
initial time. For this, we need to consider the time derivative of 'ijj{t, in the case 
when ^ is parallel to the straight line of the concentration of the measure. For clear 
presentation, the coercivity is estimated in the following two subsections. 

2.1. Initial measure not concentrated on a straight line. We now consider 
the case when Fo{v) is not concentrated on a straight line. In this case, without 
loss of generality, we can assume that there exist three small balls denoted by 
Ai ~ B{hi,6) with center at w = bi and radius S > such that dFo{v) = > 0, 
for i = 1, 2, 3. Up to a linear coordinate transform, we can assume bi = 0, b2 and 
ba are linearly independent. That is 



where a is the angle between b2 and . Take two positive constants di < d2 such 
that 



0<di min{|b2|, Ibal} < rfs max{|b2|, Ibg]} < - . 





Figure 1. ^ and three vectors bi,b2,b3 



Denote 



/ e""« dF{v) = nijiaj + ib-j), j = 1, 2, 3. 
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Note that \aj + ibj\ < 1. With the above notations, it is straightforward to check 
that 

(ai,6i) = (l,0) + ei, 

(02.62) = (cos(|^"||b2|cos7i),sin(|^~||b2|cos7i)) +e2, 

(03.63) = (cos(|^"||b3|cos72),sin(|^"||b3|cos72)) + 63, 

where 71 is the angle between the vectors S^" and b2, 72 is the angle between the 
vectors and b3, |ei| = 0(1)(5, z = 1, 2, 3. Notice that 72 = 71 ± a. With the above 
choice of parameters, we have when 6 is sufficiently small. 



(ai,6i) (02,62) 



(ai,6i) (03,63) 



'|(ai,6i)| 1(02,62)1' '|(ai,6i)| 1(03,63)!' 
— 2 ~ cos(|^~||b2| cos 71) — cos(|^~||b3| cos(7i ± a)) + 0{1)S 
> Co 770, 

where co > is a constant independent of S. Hence, if 'ipo{£,) — / e^*" ''dJo(w) and 
^~ varies on C defined by (|2.ip . then we have 



(2.2) ^o(O) - |^o(r)l = 1 



e-'"<~ dFo{v)\ 



> 



I dFo{v)-\Y^ I e-''"<~dFo{v 
3=1 "^^^ j=i •'^^ 



3 



> min{mi,m2,m3}(^3 - |^(oj + ihj) 

> — min{mi, 7712, TO3}|2 



(01,61) (02,62) 



|(ai,6i)| 1(02,62)!' |(ai,6i)| 1(03,63)! 



(01,61) (03,63) 



f 



> -min{mi,77i2,TO3}co'7o := ^o, 



because \aj + ibj\ < 1 and 

3 , 3 

\ai +ibi \ + ^ \aj + ibj 



\J2^a,+ib,)f < 



J=2 



(01,61) (oj,6j) 



J=2 



!(ai,6i)! !(aj,6j) 
2 



(01,61) (aj,6j) 

X 



!(ai,6i)! !(o„6,)! 



< 



J=2 



(01,61) (oj,6j) 



(aj,^) 



(01,61; 
(01,61) (oj,6j) 



,3 

(S 

J=2 



(01,61) (oj,6j) 

X 



!(oi,6i) !(aj,6j)! 



(01, 61 



(aj,6j) 



Since ■0(^,0 is continuous (see Theorem 13.11 in the Appendix) and "0(0,0 = 
^o(0, by means of p.2p . there exist /x > 0, e > and T > such that for any ^" 
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V 


/ b2 X bg \ 


\v\ ■ 


Mb2 xbsl^ 



belonging to the set 

(2.3) C^,e = {?7 e < I??! < rf + M, 
we have 

(2.4) l-\iP{t,C)\> Ko/2 for tG[0,T]. 

Take a i? > such that {d + n)/R = e/10. Let |^| > R, and for uj = ^/|^| G §^ take 
the coordinate a = {9,4>) G [0,7r/2] x [0, 27r] with the pole w. Write 



If 6 satisfies 



^22^ 



d- ii<\C{e,4>)\ = lei sin - < d + /i, 



then there exists an interval I^j C [0, 2tt\ such that ^ 
because 9/2 < s\Tr^{d + ^)/R < e/5 and the set 

^^ r- TD)3 , 



e C^,e for 



{Ar 



G [0,27r],0 < A < 1} 



intersects the plane spanned by b2 and bs when \uj ■ (b2 x b3)/|b2 x bajj < cosO/2 
(see Figure 2). 



f = normal to the plane 




Figure 2. Intersection between } and the plane spanned by b2,b3 



It is obvious that the interval I^j plays the same role for G close to lo. 
Therefore, for any ^ belonging to a conic neighborhood of uj 



< su., 1^1 > R} 



with a sufficiently small e^^ > 0, we have 
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J^^b[-^^-a)[i^m,r\))da)m\'d^ 

> / ( dct> e-'-'^^d9]\hm^d^ 



'2sin-i(d-p)/|? 



i-m,i-\))da)\h{(,)\H(, 



which together with the standard covering argument on §^ yields 

■1^1 

ate [0,T]. 

2.2. Initial measure concentrated on a straight line. We now consider the 
case when -Fo(^^) is concentrated on a straight hne and not equal to a single Dirac 
measure. By means of a suitable choice of the coordinate we may assume that 
Fq{v) = (5(w')Fo3(w3) and its Fourier transform ?Ao(0 = ''Pasi^.s), where Tp03 is the 
Fourier transform oi Fq^. Since Fq^{v3) is not a point Dirac measure in R, it follows 
from Corollary 3.5.11 in [TT] that there exists a ^03 > such that iV'osliCoa)! < li 
in view of V'(^C) = i^iO- By means of the continuity of ijj, there exist < k < 1 
and < ai < 02 such that 

(2.5) \MC\C3)\ < 1 - for Ve' e M^, e K with a, < l^al < a2 . 
We now split the discussion into two cases. 

2.2.1. The case when ^~ is almost orthogonal to the third axis. For the sake of 
simplicity, we denote ^~ by ^ throughout this subsection except for the case when 
confusion might occur. We also denote tp instead of V'o foi' brevity. 
Note that 



(9*1^^(0,0 = 2Rc / ■ a) (V'+V"^' " IV'I') 



da 



= - I &(||-'^)(lV^+l' + l^l'-2Re{V-V'+V'})da 



§2 



§2 



1^1 



<- / b{4T-<y)(i-i'-)(\i'^\'' + [^{')da 



If we put ^ = Ae2 (A > 0) in the above estimate and take the polar coordinate 

a = {2/3, x) G [0, tt/2] x [0, 2tt], (where x starting from ^3 = 0, see Figure 3) then 

{dt\i^\^){0,Xe2) < -2 J dl3 J dx6(cos2^)(sin2/3)(^l - |i/'3(Acos/3sinx)|j, 
because ^(^62) = 1 and 1-01 < 1. Choose < /3i < /32 < 7r/4, xo e (0, 7r/2) and 
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& 
* 




Figure 3. ^ with /3 = /3i and x ^ [xo, ti" - xo] 



A > such that 



A cos /32 sin xo = ^i i A cos /3i — a2 , 

r/32 

6(cos2/3)(sin2^)d/3 = cq > . 



Pi 

Then it fohows from (1231) that 



(9t|Vr)(0,Ae2) < -2 



dl3 



dxb{cos 2 13) {sin 2 (3) K = —kco{tt — 2xo) • 



Xo 



Since -0 is symmetric around ^3 axis, we have 

(at|V'P)(0,0 < -'«co(^-2xo), if ^ 63 = and |e| = A. 
If we set ci = KCo(7r — 2xo), then there exist e > 0, T > and (5 > such that 

(ativn(i,e)<-ci/2, 



when (t, e [0, T] X 1^ G R3 ; 1 1^| - A| < 



63 



< 2e 



X r, 



because of the continuity of ijj and dttp (see Theorem 13. ll in the Appendix). 

In what fohows we use the notation ^~ = — |^|(t)/2 to obtain the microlocal 
time degenerate coercivity estimate. If {t,^~) belongs to the region [0,r] x F, then 
it fohows from the mean value theorem that there exists a p G (0, 1) such that 

i-Hit,n\' 



i-\mr)\ > 



Cl 



Set i?o = (A + 6) /e and 

(2.6) r!o = UelR'; lei >i?o, 



1 - 



63 



2^2 

< — —} (see Figure 4). 
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If CT = 



), we notice that |^ | = |^| siii(6'/2). Moreover, the fact that ^ e fJo 



and sin I < (A + S)/\^\ imphes 



■ 63 



< 2s. Therefore, if t £ [0,r] and if 




Figure 4. ^ e r^o and ^ almost orthogonal to ^3 



h{^) £ ^^(R ), then we have the micolocal coercivity estimate in ^Iq 



> 



>t 



2sin^^(A+(5)/|5 
2sin-i(A-(5)/|5 



b[-^^-a){i-\4it,n\)d<y)\h{Cfd^ 



2.2.2. The microlocal coercivity estimate in f2g. In this subsection, we consider the 
case when ^ belongs to 

2^2 ■ 



Oi = {e 



1 - 



Ze 1 



Fix an arbitrary w G n n {w • 63 > 0}. Take a A > such that A sin 7 = 
(ai + 02)72, where 7 > 2£/7r is the angle between lu and 63. If we take the polar 
coordinate a = (6',0) G [0,7r/2] x [0, 27r] with the pole w = ^/\(,\ and (j) starting 
from the plane ^1 = (see Figure 5), then we have 



(2.7) 



C -63 = 1^ I ( cos - cos (/) sin 7 + sin - cos 7 



where = (^ - |C|cr)/2. There exist 6 = 5^ > 0, cj)^ e (0,7r/4] and 0^ e [0,7r/4] 
such that 



(2.8) 



ai < (A — (5) cos(6'(^/2) cos^oj sin7 
< (A + (5)(^sin7 + tan6'^/2^ < 03. 
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Figures. Case: |^ • eaj cos(6'/2) = (oi + a2)/2 and ^ G {^i = 0} 

Put i?^sin6l^/2 = X + S^ and let £_ = with |C| > Ruj- If = |C|sin6'/2 G 
[X — S, X + S] and |f | > Ru:, then 9 <9^. Moreover, when |^| < (/>tj we have 

(2.9) r -63 e (ai,a2). 

Since (j2.8p stih holds for other 7 close to 7, we have (|2.9p for any ^ belonging to a 
conic neighborhood of lo 

with a sufficiently small e^) > 0, if (0, (/>) varies in the same region as above. Since 
tp{t,£,) is continuous, it follows from p.Sp that there exists a > such that for 
any i S [0, T^] wc have 

mt,r)\<l-^ if in e [A-(5,A + <5] and T ■ 63 e [ai, a2]. 

Therefore 



b 

K3 ^JS2 



1^1 



a)(l-|7^(t,ri))d'T)|Me)Pd^ 

2sin"i(A+5)/|? 



'2sin-i(A-<5)/l5l ^ ^ 



The estimation for cj G §^ n ili fl ■ 63 < 0} is similar, so that we omit it for 
brevity. 

2.2.3. The conclusion. By means of the covering argument, we have for a sufficiently 
large R > and a sufficiently small T > 0, 

6^^ 



3 ^JS2 



(^•a)(i-iv(t,r)i)rf^)iMOPrfe 



>t / \e'\h{0\'d(, te[o,T]. 
''m>R} 
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This together with the coercivity estimate obtained in the first subsection concludes 
the proof of Lemma 11.41 

Before ending this subsection, we remark that if -0o(O = J e-''"<dFo{v), then 
for a large R > we have the fohowing degenerate coercivity estimate 

(2.10) (^^ • a) (1 - IMODdcr) IMOPd? 

> / (icip + i6p + i6i)Xorde. 

Indeed, it follows from (j2.7p that 

r ■ 63 - (^7 cos + 02) ^ |g| ( '^^ ) COS ^ + 9'] 

for sufficiently small 7 and 0, and we have 

6(i| • a)(i - iv^o(r)i)rf'T > Kjj~'-''d0d<p, 

where A = {{0,(1)) ; ^~ • 63 £ [ai, 02]}. However, this degenerate coercivity estimate 
is not sufficient to show the smoothing effect because the continuity in ijj{t, ^) does 
not imply (|2.10p with ipo{^~) replaced by ip{t,£^~). 

3. Appendix 

In this appendix we recall the result given in [SI I13j , and prove the continuity of 
dtip{t,(,). For this, assume 

(3.1) 3aa e (0,2] such that (sin6'/2)"«fe(cos6l) sin6' G ^^((0, 7r/2]), 

which is fulfilled for b{cos9) with (|1.4p if 2s < ao- As stated in the proof of Theorem 
ll.3l in the introduction, it follows from the Bobylev formula that the Cauchy problem 
is reduced to prTU|) . if Vo(C) = /r3 e-™ «di^o(w) and i^{t,v) denotes the 
Fourier transform of the probability measure solution. 

Theorem 3.1. Assume that b{cos6) satisfies p.ip for some ao G (0,2]. Then 
for each a G [cko,2] and every -00 G there exists a classical solution -0 G 
C([0, 00), /C") of the Cauchy problem (|1.10p . The solution is unique in the space 
C([0,oo),/C"«)- Furthermore, if a £ [ao,2] and ifip{t,C), ip{t,^) G C([0, cx)), /C") 
are two solutions to the Cauchy problem (jl.lOp with initial data ipo-,^Po G K." , re- 
spectively, then for any t > we have 

(3.2) Wi^it) - ip{t)\\^ < e^°*||V'o - <Po||a, 
where 

(3.3) Aa = 27r / &(cos6l){cos" - + sin" - - Ijsmede . 

Jo 2 2 

Furthermore, dtip{t,^) is continuous in [0,oo) x M'^. 
The assumption p.ip with a = ao can be written as 

(3.4) (l-r)"«/26(r)Gii([0,l)), 

by the change of variable r = cos 6'. Theorem 13.11 ameliorates Theorem 2.2 of [6], 
where (|3.4p is assumed with ao/2 replaced by q;o/4, see (2.6) of [6]. In what follows. 
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we only prove the last statement of Theorem 13.11 because other parts are already 
given in [T3]. 

If we put C = (^^^ ' tIt) iIt ^^^^ consider S,'^ = ( — — C), (which is symmetric 
to ^+ on see Figure 6) as in [T3], then the first equation of (|1.10p can be written 



dfj 



Putting ri^ ^ ~ C: have, under the notation dFt{v) ~ f{t,v)d 



< 



m,t)+rp{t,t)~mtx)\ = 

= 2-V'(t,77+)-VXi,-?7+) 

< 2||1 - ^(t)|U|77+|" < 2e^°*||l - ^o|U(|^| sin(0/2))" , 
because I77+I = |^+| sin((?/2) and p.2p with 1^0 = = 1- Hence 

|/i(i,C)| <47re^°*||l-V'o||a|^r / sin"(6l/2)6(cos6l) sin6'd6' , 

Jo 

which together with the Lebesgue convergence theorem shows 

lim =/i(to,^o)- 



VILLANI CONJECTURE 
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In order to show similar estimates hold for hjh, we recall (19) of Lemma 2.1 in 
[13] . that is, the fact that if G /C" then we have 

(3.5) 1^(0-^(^ + 77)1 < 11^- l|U(4|^r/'hr/' + hr) forall^T^eR^. 
Thanks to this with i] = ( — ^, 

\l2it,0\ < 107re^°*||l-7/'o||a|?r / sin" (6i/2)6(cos 6*) sin 6ld6l, 

Jo 

because |C — CI = I CI sin'^(6'/2). Note that similar estimate holds for I3. Hence, we 
obtain the continuity of dt4'it, C)- 
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